Functional and Differential Inequalities
Let f:R—R

Continuous functions

1. Given the function f:R-=IR such that, for every real a>1, the function
f(x)+f(ax) is continuous, prove that f'is continuous.
2. (RNO1993). Given f:R, >R, suchthat f(x')=f(x)'" Vx,yeR,, ,

a) find all such continuous functions, b) find all such functions.

Functional inequalities
3.Given f(x)>100 Vx, provethat f(f(x))+/f(x)>200 Vx .
4. Given fbe monotonic and f(x)>x’ Vx, provethat £(f(x)>x" Vx .

5. Given fbe continuous and the equation f(x)#x Vx, prove that

ff(x)#x Vx .

6. (RNO2014). Given the function f:R-=R suchthat (f(x)’<f(y) ¥V x>y , prove
that 0<f(x)<1 VxeR

Differential inequalities

7. Given f'such that f{0)=0, /' be continuous and f'(x)>cos(x) V x>0 , prove that
fix)>sin(x) Vx>0 .

8. Given fsuch that f{0)=1, /" be continuous and /" (x)>(x’+1)e" Vx>0 ,prove
that f(x)>e* Vx>0 .

9. Given f'such that f{0)=3, /" be continuous and /' (x)+2/(x)=0 Vx , prove that
f(x)<3e™ Vx<0 .

Extra problems

IMC6.2.2. Find all functions f:R-R such that for any real numbers a<b ,the
image f(|a,b]) isaclosed interval of length b—a .

IMCS8.1.1. Find all continuous functions f:R—R suchthat f(x)—f(y) isrational
for all real x and y such that x—y is rational.

IMC9.2.2. Given fbe two times differentiable such that f0)=1, //(0)=0 and
fr(x)=51"(x)+6 f(x)=0 Vx=0 , provethat f(x)=3e""—2¢"" Vx>0 .
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